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1. INTRODUCTION 
The purpose of this paper is to compute injective envelopes of 
specific Banach spaces and their subspaces. A Banach space is called 
a P&ace, a Hahn-Banach space, and, also, an injective (in the 
category of Banach spaces and linear contraction maps) if it has the 
same Hahn-Banach extension property as the scalars, which may be 
real or complex. These are precisely the Banach spaces that are 
linearly isometric with sup norm function spaces C(M), M compact 
Hausdorff and extremally disconnected, [2], [8], [9], [II], [26], [23]. 
For results on extremally disconnected spaces, see [6], [8], and [19]. 
In particular, [q, every compact HausdorfI space X has a Gleason 
map, a continuous irreducible onto map h : M -W X whose domain 
is compact HausdorII and extremally disconnected (irreducibility 
refers to the property that the restriction of h to a proper closed subset 
of M yields a map that is no longer onto X). 
An injective envelope of a Banach space B is a pair (I, 2) where 
I : B -+ 2 is a linear isometry into the injective 2 and the only 
Hahn-Banach subspace of 2 containing IIB] is 2 itself. It was shown 
in [2] that if H : 2 + 2 is a linear contraction leaving I[B] fixed, then 
H is a linear isometry onto; in fact, [IO] H must be the identity map. 
Envelopes are unique since if (I, 2) and (I’, 2’) are both injective 
envelopes of B, there is a linear isometry H : 2’ + 2 onto, such that 
H o I’ = I. These results on the existence, uniqueness, and rigid 
attachment of injective envelopes follow directly from ([23]; Theorem 
1, Corollary 2) where the theory of Pi-spaces is presented elegantly 
within the context of bound extensions of Banach spaces. This will 
be used in the next section. 
Throughout this paper, B denotes a Banach space over the real 
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or complex numbers (whenever we need a specific field, we shall 
indicate it). If T is a completely regular HausdorR space, then /3T 
denotes the Stone-Cech compactification of T. If X is a compact 
Hausdorff space, then C(X) denotes the Banach space of continuous 
scalar-valued functions on X with the sup norm. The symbols c,(S), 
P(S), m(S) etc. h ave their usual meanings for an arbitrary non-empty 
set S[5]. 
2. IRREDUCIBLE SETS 
For C(X), the ewaluation map is the homeomorphism e : X --+ C(X)* 
given by e(x)(f) = f(x). A continuous linear operator H : B + C(X) 
determines and is determined by a continuous function h : X + B*, 
where B* has the weak* topology. The operator H gives rise to 
h = H* o e, while the continuous function h gives rise to the operator 
H(b)(x) = h(x)(b). F or complete details, see ([S]; VI.7.1). Throughout 
this paper, we will pass from continuous linear operators (e.g., 
H, I : B + C(X)) to their associated maps (h, i : X -+ B*) and 
back without specific mention. 
A boundary of a Banach space B is a subset F of B” such that 
II b II = sup(f Wl.W)l f or all b in B. A B-boundary F is minimal if F 
is weak* closed and no proper closed subset of F is a B-boundary. 
It should be noticed that a B-boundary must be contained in the unit 
ball of B*. If I : B -+ 2 is a linear isometry into, the pair (1, 2) is called 
an extension of B, a bound extension if given a subset F of the unit ball 
of Z* with I*F a B-boundary, then F must be a Z-boundary. This is 
equivalent [23] to the existence of a weak* closed Z-boundary G 
such that I*G is a minimal B-boundary. It is not hard to see that if 
(1, 2) is a bound extension of B, and if F is a minimal Z-boundary, 
then I*F is a minimal B-boundary and I* : F + I*F is an irreducible 
map. 
THEOREM I. 1. The pair (I, C(M)) is an injective envelope of B if and 
only if M zk compact Hausdorfl extremally disconnected and the induced 
map i : M --, B* is irreducible and onto a minimal B-boundary. 
Proof. Assume (I, C(M)) is an injective envelope of B. Then [23] 
this envelope is a bound extension of B. Since e[M] is a minimal 
C(M)-boundary, the above remark shows that i is irreducible and 
onto a minimal B-boundary. 
If, conversely, i is irreducible and i[M] is a minimal B-boundary, 
and if M is extremally disconnected, then (I, C(M)) is a bound 
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extension of B with C(M) injective and, by results in [23], (1, C(M)) 
is an injective envelope of B. 
COROLLARY 1.2. If K is a minimal B-boundary and i : M + K is 
Gleason’s map, the associated extension I : B + C(M) is an injective 
envelope of B. 
COROLLARY 1.3. Any two minimal B-boundaries have the same 
Gleason space. 
To compute the injective envelope of B, therefore, is to compute 
the Gleason space of any minimal B-boundary. We shall see in a 
moment that these minimal B-boundaries have a definite structure. 
The symbol Bn denotes the unit ball of B* and EBB the set of 
extreme points of Bn. We let C, denote the set of all scalars of modulus 
1 ({- 1, l} in the real case and {eie : 0 < 0 < 2n) in the complex case); 
B” denotes the compact Hausdorff space obtained from cl*EB” (the 
weak* closure of EBn) by dividing out by the relation x N y if and 
only if x = cy for some c in C, ; and Q denotes the quotient map 
carrying cl* EBr onto B -. Note that the map x -+ C,e(x) is a homeo- 
morphism of X with C(X) -. More generally, a subset W of a vector 
space over the scalar field is called circled if for each w in IV, the entire 
circle C,w of vectors is a subset of W. For any circled set W, the 
letter 4 will denote the map w -+ C,,w. When IV is a compact circled 
subset of B”, then q on W is a topological quotient map. 
DEFINITION. A closed subset K of a (weak*) compact circled 
subset W of B* will be called irreducible if the map q, restricted to K, 
is an irreducible map onto q[ w]. This is the same as saying that K 
meets every circle of W but no proper closed subset of K does. 
THEOREM 1.4. A weak* closed subset K of Bn is a minimal B- 
boundary if and only if K is an irreducible subset of cl*EB”. 
Proof. Assume K is a minimal B-boundary. An application of 
the basic separation theorem yields Bn = cl* conv C,,K; whence, 
EBn C C,,K. The fact that EBm is a B-boundary together with the 
minimality of K shows, that K is contained in cl*EB=; indeed, 
q[K] = B-. If A is a closed subset of K with q[A] = B-, then A 
is a B-boundary and A = K by the minimality of K. Therefore, K 
is irreducible. 
If, conversely, K is irreducible, it is a B-boundary and contains, 
by Zorn’s lemma, a minimal B-boundary A. By the above paragraph, 
q[A] = B w ; hence, K = A. Therefore, K is a minimal B-boundary. 
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The unique injective 2 associated with the injective envelope 
(I, 2) of a Banach space B will be called the Hahn-Banach space of B. 
THEOREM 1.5. If i : ik? + B” is Gleason’s map, then C(M) is the 
Hahn-Banach space of B. 
Proof. Let K be a minimal B-boundary (an irreducible subset of 
cl*EB”). Because M is projective [6], there is a continuous function 
t:M-+Ksuchthatq o t = i. Since i and q are onto and irreducible, 
so is t. By Corollary 1.2, C(M) is the Hahn-Banach space of B. 
These results tell us that to compute the Hahn-Banach space of a 
given B, we must look to EBn. 
Let us say that a weak* closed subset K of cl*EBs is strongly 
irreducible if it has a dense subset U such that C,u n K = {u} for 
every u in U, and if q[K] = B -. A strongly irreducible subset K of 
cl*EB” is always irreducible. In [2], it was shown that strongly 
irreducible subsets of cl*EB” do exist; indeed, a subset U of EBn was 
obtained such that cl*C,U = cl*EB” and C,,u n cl*U = (u} for 
each u in U. We do not know whether or not every irreducible subset 
of cl*EBR is strongly irreducible. However, Isbell has communicated 
the following result about irreducible sets: if K is an irreducible 
subset of cl*EB”, then for each E > 0 and each non-empty open 
subset V of K, there is an x in EB” such that C,x n K is a non-empty 
subset of I/ with diameter less than E. 
It is not true in general that the irreducible subsets of cl*EB” are 
pairwise homeomorphic. A simple example occurs when B is two- 
dimensional real Hilbert space. One irreducible set is any closed 
semicircle, a connected set. Another nonconnected kind consists of 
three closed arcs on the unit circle, a, , a2 , a3 , so placed that, when 
one particular arc, say a2 , is reflected through 0, the union a, v 
(- aJ u a3 of the resulting arcs is a closed semi-circle. 
One condition that implies that the irreducible subsets of cl*EB” 
be pairwise homeomorphic is that B- be extremally disconnected; 
indeed, then (*): q carries each irreducible subset of cl*EBn homeo- 
morphically onto B- (an irreducible map onto an extremally dis- 
connected space is l-l). The condition (*) is not strong enough to 
imply B- is extremally disconnected as the example c,, shows. But 
when B is C(X) to begin with, then (*) is equivalent with X being 
extremally disconnected (an example is given later of a B for which B- 
is extremally disconnected, but which is not a C(X)). 
We conclude this section with a consequence of the theorem [IO] 
on the rigid attachment of envelopes. 
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THEOREM 1.6. If E is a subspace of B and if C, and C, are the 
Hahn-Banach spaces of E and B respectively, then there is a projection 
of norm I from C, onto a subspace linearly isometric with C, . 
Proof. Identify E and B with subspaces of their Hahn-Banach 
spaces via the envelope embedding maps. Then C, and C, have E 
as a common subspace and by the fact that they are P, , there are 
linear contractions I : C, ---t C, and P : C, -+ C, that leave E fixed. 
Then P o I is the identity map on C, . This makes I a linear isometry. 
2. HAHN-BANACH SPACES OF THE TYPE m(S) 
The following result is found in [3]. 
PROPOSITION 2.1. Let S be a set and X a compact Hausdorff space. 
Then the Gleason space of X is PS if and only if X has a dense set of 
isolated points whose cardinality is that of S. 
THEOREM 2.2 The Hahn-Banach space of B is m(S) if and only 
if B” has a dense set of isolated points whose cardinality is that of S. 
COROLLARY 2.3. The Hahn-Banach space of C(X) is m(S) if and 
only if X contains a dense set of isolated points whose cardinality is 
that of S. 
COROLLARY 2.4. The Hahn-Banach space of c(S) is m(S). 
Proof. For, c(S) is linearly isometric with C(S”) where S” denotes 
the one-point compactification of the discrete space S. 
COROLLARY 2.5. The Hahn-Banach space of c,(S) is m(S). 
Proof. For each s in S, let k8 denote the function on S that is 
1 at s and 0 elsewhere. Then, identifying c,,(S)* with P(S), 
cl*Ec,(S)” = u (s E S) CJ? u {0} and each set C,,k” is weak* open in 
here. Consequently, cO( S) - is the one point compactification of S. 
We now characterize those compact HausdorfI spaces X for which 
the Hahn-Banach space of each subspace B of C(X) is of the form 
m(S,) for some set S, . 
DEFINITION. A compact HausdorfI space X is called dispersed 
if it contains no perfect subsets. 
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We will use these facts [Z4J, [I8], [20], about dispersed spaces: 
every dispersed space contains a dense subset of isolated points; 
the continuous image of a dispersed space is dispersed; X is dispersed 
if and only if it cannot be mapped continuously onto the unit interval 
[0, 11; every closed subset of a dispersed space is dispersed. 
LEMMA 2.6. If A is a closed subspace of a Banach space B and ;f 
Be is dispersed, then A- is dispersed. 
Proof. If I : A -+ B is the inclusion map, then I* carries cl*EBn 
continuously onto a compact circled set 2 containing cl*EA” (that 
every extreme point of An is the I*-image of an extreme point of 
Bn is a consequence of the Krein-Milman theorem). Now I* carries 
circles onto circles so that if 5’ is a circled open subset of 2, I*-l( V) is 
a circled open subset of cl*EB”. ilnd so the map from B” onto q[Zj 
defined by sending each element C,,x (the elements of BV are circles) 
of B” to I*[C,x] is continuous. Because B- is dispersed, so is q[Z]. 
The quotient topology of A- coincides with the topology it inherits 
as a subset of Q[Z], so A” must be dispersed. 
THEOREM 2.7. Let X be a compact Hausdor# space. The following 
are equivalent. 
(i) X is dispersed. 
(ii) Every separable subspace of C(X) has Hahn-Banach space 
m(S) with card S < N, . 
(iii) Every subspace of C(X) has Hahn-Banach space of the 
form m(S) for a set S dependent on the subspace. 
(iv) The Hahn-Banach space of every two dimensional subspace 
of C(X) is an m(S) with card S 6 K, . 
Proof. An X that is not dispersed can be mapped continuously 
onto the unit interval; hence, C(X) h as a subspace linearly isometric 
to C[O, 11. The unit interval does not have any isolated points and 
so by Corollary 2.3, the Hahn-Banach space of the separable Banach 
space CIO, l] is not of the form m(S). This shows that (ii), (iii), and 
(iv) imply (i) (12(2) C CIO, I], see Proposition 3.5). 
Assume X is dispersed, and let A be a subspace of C(X). Then 
C(X)“, which is homeomorphic to X, is dispersed and by Lemma 2.6, 
A I is dispersed. Being dispersed, A w has a dense set of isolated points 
and thus the Hahn-Banach space of A is of the form m(S). If A is a 
separable subspace of C(X), then cl*EA” is a compact metric space 
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which, therefore, contains a countable dense subset. It follows that 
A- has a countable dense subset, and this set must contain every 
isolated point of A - . Thus the isolated points of A - are dense and 
countable, so the Hahn-Banach space of A is m(S) with card S < x0 . 
Clearly (iii) implies (iv). 
Remark 2.8. In the process of constructing some Hahn-Banach 
spaces of two dimensional spaces later on we shall show that if B 
has the property that every subspace of B has Hahn-Banach space 
of the type m(S), it does not necessarily follow that B’- is dispersed. 
Remark 2.9. Suppose Y is a closed subset of a dispersed space X. 
Then the set Yi of isolated points of Y is dense in Y and the set Xi of 
isolated points of X is dense in X. Because we are assuming the 
validity of the continuum hypothesis, it is easy to show that the 
cardinality of Yi does not exceed that of Xi. Given any nonvoid 
subset V of Y”, V is open in Y and so we can choose an open subset 
T(V) of X whose intersection with Y is V. Then the set T( v)i z 
T(V) n Xi is not empty because of the denseness of Xi in X. If V 
and W are distinct nonvoid subsets of Yi, choose v in V and w in W 
in such a way that either v is not in W or w is not in V. Therefore 
either v is not in T(W) or w is not in T(V) and by Hausdorfkess of 
X, clT( W) and clT( V) are distinct sets. But T(w)” and T(v)” are 
dense in these last two sets, respectively; hence, T( w)t # T(V)“. 
Thus the function V -+ T( V)i is 1 - 1 and the cardinal number of 
2y’ does not exceed that of 2x’. Consequently, the cardinal number 
of Yi does not exceed that of Xi. By a similar argument, if Y is the 
continuous image of a dispersed space X, the cardinal number of P 
does not exceed the cardinal number of Xi. 
LEMMA 2.10. If A is a subspace of a Banach space B, then card(d -) 
does not exceed card(B-). 
Proof. In the proof of Lemma 2.6, B’ is mapped onto a set 
containing A -. 
COROLLARY 2.11. Suppose C(M) is the Hahn-Banach space of a 
Banach space B and C(N) is the Hahn-Banach space of a subspace A 
of B. Then the cardinal number of N does not exceed that of M. 
Proof. By Theorem 1.6, C(N) is linearly isometric with a subspace 
of C(M); hence, the preceding lemma applies to give card(C(N)-) not 
greater than card(C(M)*). Th e argument is completed by noting 
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that for any compact HausdortI X, x + C&x) is a 1 - 1 corre- 
spondence (a homeomorphism) of X with C(X)-. 
COROLLARY 2.12. Suppose m(S) is the Hahn-Banach space of a 
Banach space B and m(T) the Hahn-Banach space of a subspace of B. 
Then card(T) is not greater than card(S). 
Proof. By the previous corollary, card(/?T) is not greater than 
card@!?). According to ([7], p. 130), for D discrete, card(D) = 
card(,2D) and since we are assuming the continuum hypothesis, the 
result follows. 
THEOREM 2.13. The Hahn-Banach space of each subspace of c(S) 
is of the form m(T) where card(T) is not greater than card(S). 
Proof. The one point compactification S” of the discrete space S 
is dispersed and c(S) is linearly isometric with C(P); consequently, 
Theorem 2.7 and Corollary 2.12 apply. 
THEOREM 2.14. The Hahn-Banach space of each infinite dimensional 
subspace of c is m. 
We will soon see that every finite dimensional subspace of c,, in 
the real case, has a finite dimensional Hahn-Banach space. But 
there is a two dimensional subspace of c whose Hahn-Banach space 
is m. 
DEFINITION. A Banach space B will be called polyhedral if and 
only if B” is finite. This says that cl*EBff consists of but a finite 
number of circles and so must be equal to EB”. It is easy to show that 
if B is polyhedral, then it is finite dimensional. For real scalars, the 
following are equivalent [ 131: 
(i) B is polyhedral. 
(ii) The unit ball of B has but a finite number of extreme 
points. 
(iii) B* is polyhedral 
(iv) The unit ball of B* has a finite number of extreme points. 
THEOREM 2.15. The following statements are equivalent for a real 
Banach space B. 
(i) B is polyhedral. 
(ii) The Hahn-Banach space of B is finite dimensional. 
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(iii) The Hahn-Banach space of each subspace of B is finite 
dimensional. 
(iv) B is linearly isometric to a subspace of m(T) for some finite 
set T. 
(v) The Hahn-Banach space of B* is jinite dimensional. 
Proof. If (i) B is polyhedral, then B” is finite; hence, for each 
subspace A of B, A- is finite by Lemma 2.10. Thus (iii) the Hahn- 
Banach space of A is finite dimensional. In particular, (ii) the Hahn- 
Banach space of B is finite dimensional. From (ii), (iv) is an immediate 
consequence because the only (nontrivial) Hahn-Banach spaces of a 
finite number of dimensions are those of the form m(T) for a finite 
set T. Finally, if (iv) B is a subspace of m(T) = C(T) for a finite set T, 
then the number of elements in B- is exceeded by the number of 
elements of T; whence, (i). 
(v) is equivalent to (i) by the above remarks. 
We shall later give an example of a finite dimensional complex 
Banach space whose Hahn-Banach space is infinite dimensional, but 
the Hahn-Banach space of its dual is finite dimensional. 
THEOREM 2.16. The Hahn-Banach space of every finite dimensional 
subspace of real co is$nite dimensional. 
Proof. It is shown in ([22], [15]) that if B is a finite dimensional 
subspace of real cs , then the unit ball of B has but a finite number of 
extreme points. By the duality of this property for real Banach spaces, 
B- is finite. Consequently, the Hahn-Banach space of B is finite 
dimensional. 
THEOREM 2.17. There is a two-dimensional subspace of real c whose 
injective envelope is m. 
Proof. Define t, = (n - l/n)“/2 and tw = n/2. Let U denote the 
convex, symmetric hull of {(cos(&), sin(&)): 1 < n < w} in two- 
dimensional real Euclidean space. Then U is a closed bounded 
absorbing symmetric convex set and is, hence, the unit sphere of 
its Minkowski norm. Let B denote the dual of this space, with the 
elements of B being taken as pairs (a, b) of real numbers. Then 
the norm of (a, b) is the supremum of the numbers ac + bd where 
(c, d) ranges through U. This supremum is assumed at one of the 
vectors &(cos(t,), sin(&)), and this set of vectors is also the set of 
extreme points of U. Consequently, B- is infinite and the 
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norm of a vector (a, b) of B is equal to the norm of the sequence 
a cos(t,) + b sin(t,) in c. This defines a linear isometry of B into 
c, so the Hahn-Banach space of B is m(T) for T countable. Because 
B” is infinite, T is infinite and the Hahn-Banach space of B is m. 
COROLLARY 2.18. If X is an injinite compact Hausdorff space, then 
real C(X) contains a two-dimensional subspace whose Hahn-Banach 
space is m. 
Proof. Let U, be a sequence of nonvoid pairwise disjoint open 
subsets of X and x, an element of U, for each n. Let f,, be a [0, I]- 
valued continuous function on X that is 0 outside of U, and assumes 
the value 1 at x, , for each n. For each sequence a, in c, define 
T(a,) = Cn”=, (a, - 1’ im a,) fn + (lim a,) 1. Then T is a linear 
isometry of c into C(X). 
THEOREM 2.19. Each separable real Banach spaze B is contained 
in a Banach space Z whose Hahn-Banach space is m and such that the 
dimension of Z/B is 2 or less. 
Proof. Let A be the two-dimensional Banach space constructed in 
2.17 and (I, m) its envelope. Because B is separable, there is a linear 
isometry H embedding B in m. Define Z = I[A] + H[B]. Then 
I[A] C Z C m, so the Hahn-Banach space of Z is m. And the dimension 
of Z/H[B] is 2 or less. 
3. HAHN-BANACH SPACES OF SEPARABLE BANACH SPACES 
In this section we completely characterize the Hahn-Banach spaces 
of all separable Banach spaces. We also compute the Hahn-Banach 
spaces of spaces of special type, e.g., spaces with rotund duals. In 
particular, we give an example of a model for a finite-dimensional 
space such that in the real case the Hahn-Banach space is finite- 
dimensional and in the complex case the Hahn-Banach space is 
infinite dimensional. 
To begin the investigation we consider separable spaces B such 
that B- is perfect. It is shown that they all have the same Hahn- 
Banach space. The following lemma is easily established. 
LEMMA 3.1. Let X and Y be compact HausdorJ spaces and i: 
X + Y be a continuous irreducible onto map. Then X is perfect if and 
only if Y is perfect. 
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Throughout this section we let M,, denote the minimal compact 
HausdorfI extremally disconnected space that can be mapped con- 
tinuously onto the Cantor set V = (- 1, l}“, where N is the set of 
positive integers. Using Lemma 3.1 and the fact that any compact 
metric space is a continuous image of V, we can establish the following 
proposition. 
PROPOSITION 3.2. Let X be a compact metric space. Then there is 
a continuous irreducible map of MO onto X if and only if X is perfect. 
Proof. Suppose X is perfect. Let I : MO -+ V be Gleason’s map 
and f : 5%’ --f X be a continuous onto map. There is a closed set Y C % 
such that g = f 1 Y is a continuous irreducible map of Y onto X. 
Since X is perfect, so is Y. Thus, Y is perfect, compact, totally 
disconnected, metric space and hence is homeomorphic to V. Let h be 
a homeomorphism of V onto Y. Then ghi is a continuous irreducible 
map of M,, onto X. 
We are now in a position to completely classify the Hahn-Banach 
spaces of all separable Banach spaces. In order to do so we observe 
that if B is a separable Banach space, then cl*EB” is metrizable in the 
weak*-topology and, hence, B” is a compact metric space. 
THEOREM 3.3. Let B be a separable Banach space. Then the Hahn- 
Banach space of B is 
(a) m(S) zy and only if B s h as a dense set of isolated points whose 
cardinality is that of S (card S < K,), 
(b) C(M,) if and only if B” is perfect, 
(c) m(S) x C( MO) if and only if B - is not perfect and B - has 
a non-dense set of isolated points whose cardinality of that of S 
(card S < NJ. 
We consider the norm on m(S) x C(M,,) to be max(ll fi 11, 11 fi II). 
Proof. (a) It has been established in theorem 2.2 that the Hahn- 
Banach space of B is an m(S) if and only if B has a dense set of isolated 
points whose cardinal&y is that of S. Since B is metrizable and 
compact, card S < K, . Of course, when card S is finite, B is finite 
dimensional. 
(b) If B is perfect, then by Proposition 3.2 there is a continuous 
irreducible map of M,, onto B. Hence the Hahn-Banach space of B is 
w%) . 
ConverseIy, if the Hahn-Banach space of B is C(M,,), then there 
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is a Gleason map of M,, onto B -. Therefore by Lemma 3.1, B - is 
perfect. 
(c) Suppose B * is not perfect and that the set S of isolated points 
of B- is not dense in B” (as remarked above, card 5’ < Q. Let 
X = cl(S) and Y = cl(B-\X). Then there are Gleason maps 
i:fiS-+X and j: A& -+ Y. (&S as before, means the Stone-Tech 
compactification of S as a discrete space.) Let 2 be the free join of 
PS and M,, . That is, 2 = 2, u 2, with 2, , 2, disjoint, Z, , Z, are 
both closed and open in 2, Z, is homeomorphic to /3S and Z, is 
homeomorphic to A4, (we consider /3S = Z, and M. = Z,). Let 
K : Z + B be defined by k(z,) = i(q) for zi in Z, and K(z,) = j(zz) 
for zp in Z, . Clearly k is a continuous map of Z onto B-. Suppose F 
is a proper closed set in Z. If Z, is not contained in F, then Z,\F 
is non-empty and open and thus there is an s in S such that s is not in 
F. Since i-‘(i(s)) = { } s an i s is not in Y, it follows that k(F) # B-. d ( ) 
If Z, is not contained in F, then j(F n Z,) f Y and Y\j(F n Z,) is 
a non-empty open set. Then there is a y in B ‘\X such that y is not in 
j(F n Z,). Hence y is not in k(F). It follows that k : Z -+ B- is 
Gleason’s map and thus C(Z) is the Hahn-Banach space of B. But, 
C(Z) is linearly isometrically isomorphic to m(S) x C(M). 
We shall now give examples to show that for each of the above 
types of Hahn-Banach spaces there is a two-dimensional real Banach 
space whose Hahn-Banach space is of the given type. To do this we 
let C, = {eiO : 0 < 19 < 27r}, U be the set of points in the plane 
of modulus less than or equal to one. We observe that if K is a convex 
symmetric set in the plane with the property that there is a closed 
set X _C C, such that the convex hull of X is K, then the set of 
extreme points of K is precisely the set K n C, . This follows from 
the fact that any point in K n C,, is an extreme point of K and that 
if X is a closed set with K being the convex hull of X, then the 
extreme points of K are continued in X. Moreover, we recall that if 
K _C U is a convex, radial, symmetric, and closed set, then K is the 
closed unit sphere of the two-dimensional Banach space whose norm 
is the Minkowski functional of K. We build X such that it is contained 
in the first quadrant and contains eie and einf2. Then K is the convex 
bull of X u (-X). If A is the space thusly obtained and B = A*, 
then B is homeomorphic to X. 
1. X = (exp(i(ml2k)) : n = 0 ,..., k). 
2. X = {exp(i(n/n + 1) n/2) : n = 0, l,...} U {exp(ix/2)}. 
3. K= U, 
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4. By combining 1 and 2 one can obtain a two-dimensional 
space whose Hahn-Banach space is m(K) x m, and similarly for 
m(k) x C(M,) and m x C(M,). 
5. We now give an example of a two dimensional space B such 
that B- is not dispersed, but the Hahn-Banach space of B is m and 
thus the Hahn-Banach space of every proper subspace of B is 
R = m(1). We first build a Cantor set on the first quadrant of C,, 
by removing “middle-third” arcs. We then take for X this set and the 
mid-points of the arcs removed to make the Cantor set. Then X has 
a countable dense set of isolated points. 
The next proposition uses the results of Theorem 3.3 to identify 
the Hahn-Banach space of a family of separable spaces. Recall that 
a Banach space B is said to have rotund dual if EBff is the surface of 
Bn. 
PROPOSITION 3.4. If the separable Banach space B of dimension 
greater than 1 has rotund dual, then the Hahn-Banach space of B is 
ww 
Proof. If B is finite dimensional, then cl*EBn = EBn is a 
connected compact metric space. If B is infinite dimensional, then 
cl*EB” = Bs is a connected compact metric space. In either case, 
B- is connected and hence perfect. Thus by (b) of theorem 3.3, the 
Hahn-Banach space of B is C(M,). 
COROLLARY 3.5. For 1 < p < co, the spaces 1p and P(k) for 
k > 1 have C(M,,) as their Hahn-Banach space. 
Although P does not have rotund dual, we shall now show that 
its Hahn-Banach space is C(M,,). To do this we compute B- for 
B = P(S), where S is an arbitrary non-empty set. We shall also show 
that for k > 1, the Hahn-Banach space of the real space P(k) is 
finite dimensional and that the Hahn-Banach space of the complex 
space P(k) is infinite dimensional. 
PROPOSITION 3.6. Let S be a non-empty set with card S > 1. If 
sO is in S and T = S\(s,,}, then for B = P(S), B” is homeomorphic to 
Co=, where C,, = (-1, I> in the real cae, C, = {a : 1 a 1 = l} in 
the complex case, and C,,= has the product topology. 
Proof. Since 
B = I'(S), B* = m(s) and EB’lr = {ftzm(S) : IfI = I}. 
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Let A = (f~ EBn : f(q,) = l}. It is clear that A corresponds in a 
one-to-one fashion with C,r. Suppose (fd > is a net in A that converges 
in the weak*-topology to f, then fd(s) -+ f(s) for all s in S and so, f is 
in A. But, the net (fd } converges to f in the product topology of 
C,= means that fd(s) --+ f( s ) f or all s in T. Thus Car is homeomorphic 
to A. Moreover, the quotient map form cl*EB” to BS restricted to A 
is one-to-one. For, suppose that f and g are in A and that q( f ) = q(g) 
(Q is the quotient map). Then f = ug for some 1 a 1 = 1. Hence 
1 = f(sO) = ug(s,) = a and f = g. Suppose we take an element 
q(h) in B”. Then h is cl*EBm and for some a with 1 a ( = 1, ah(s,) = 1. 
Now, ah is also in cl*EB”, in fact, ah is in A and q(ah) = q(h). Thus 
A is homeomorphic to B -. It follows that C,= is homeomorphic to B”. 
COROLLARY 3.7. The Hahn-Banach space of 
(4 Z1 k C(MJ, 
(b) P(k) is 429 in the real case, 
(c) P(k) is C(M,,) in the compZex cuse when K > 1. 
Proof. (a) Since Z1 = P(N) and for n in N, N\(n) is still infinite, 
B” is homeomorphic to CON when B = 1’. In both the real and 
complex cases, CON is a perfect, compact metric space. Thus the 
Hahn-Banach space of II is, C(M,,). 
(b) If B is the real space P(K), then B is homeomorphic to (- 1, l}k-l 
which has 2k-1 points. Thus the Hahn-Banach space of P(K) is 
m(2k-1). 
(c) If B is the complex space P(K) with K > 1, then B is homeo- 
morphic to C,k-l which is a perfect, compact metric space. Hence the 
Hahn-Banach space of P(K) is C(.i&,). 
We observe that since the dual of P(k) is m(K), its Hahn-Banach 
space is itself. 
4. HYPERSTONIAN SPACES 
In [4] Dixmier calls an extremally disconnected compact Hausdorff 
space P hyperstoniun if the collection M’(P) of all normal measures 
on P is total over C(P). We extend Dixmier’s definition of normality 
to an arbitrary compact Hausdort3 space X to determine when the 
Hahn-Banach space of C(X) is hyperstonian. A positive Radon 
measures Z.L on X is said to be normal if for each closed nowhere dense 
set A in X p(A) = 0. By M’(X) we mean the collection of all 
differences of positive normal measures in the real case and similar 
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complex combinations in the complex case. It is easy to see that 
M’(X) is a closed linear subspace of the space M(X) = C(X)* of all 
Radon measures on X. It may be that M’(X) is only {0} as is easily 
seen to be the case whenever X is perfect and separable. However, 
we show that the Hahn-Banach space of C(X) is hyperstonian if and 
only if M’(X) is total over C(X). 
LEMMA 4.1. Let X and Y be compact Hausdfl spaces and suppose 
i : X + Y is a continuous irreducible onto map. If A C Y is closed 
and nowhere dense, the i-‘(A) is closed and nowhere dense. If X is totally 
disconnected and B C X is closed and nowhere dense, then i(B) is closed 
and nowhere dense. 
Proof. Suppose A is a closed nowhere dense set in Y. Let U be a 
non-empty open set in X with U # X. Then X\U is a proper closed 
set in X and thus i(x\U) # Y. Hence U 2 i-‘(y\i(x\U)) which 
is a non-empty open set. Moreover, y\i(X\U) is the largest open set 
G in Y such that i-l(G) C U. Moreover, v\i-l( y\i(x\U)) has void 
interior. In particular, if UC i-l(A) is non-empty and open, then 
v\i(x\U) CA is non-empty and open. Thus i-l(A) is closed and 
nowhere dense. 
Suppose B is a closed nowhere dense set in X and UC i(B) is 
a non-empty open set. Then i-‘(U) is a non-empty open set and 
hence there is an s in i-‘(U) with x not in B. There is a closed and 
open set V with x in V, V C i-‘( U), V f~ A = 0. Hence 
i(v) 5 i(i-‘( U)) L U C i(B) and i(X\ V) = Y, 
which contradicts the irreducibility of i. 
Suppose i : P -+ X is Gleason’s map. Then the induced operator 
I : C(X) + C(P) is a linear isometry and I*, the adjoint of 1, carries 
M(P) onto M(X). Moreover, I*p = TV o i-l, where p o i-l(A) = 
p(i-‘(A)) for each Bore1 set A in X. 
THEOREM 4.2. The map E.L + ~1 o i-l is a linear isometry of M’(P) 
onto M’(X). 
Proof. From the above discussion, p+ 1-1 o i-l is a norm 
decreasing linear map from M’(P) into M(X). Suppose ~1 is a positive 
normal measure on P and A is a closed nowhere dense set in X. Then 
i-l(A) is a closed nowhere dense set in P and hence p(i-l(A)) = 0. 
Thus p o i-l is an element of M’(X). It follows that p o i-l is in 
M’(X) for any p in M’(P). 
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Let p be in M’(P). Then 1 TV G i-l 1 X = sup{& 1 &i-lAJ/ : 
A r ,..., A, is a Bore1 partition of X} < sup{& 1 p(&)I : B, ,..., B, 
is a Bore1 partition of Y> = 1 p / Y. To show the reverse 
inequality we recall from [4] that if B is a Bore1 set in P, then 
p(B) = p(B) = p(BO) = p(g), where - denotes closure and O 
denotes interior. Let B, ,..., -- B, be a Bore1 partition of Y. Then 
BlO,..., B,O are pair-wise disjoint closed and open sets such that -- 
p(Bi) = p(Bz) for i = I,..., n. In the proof of the Lemma 4.1 it was 
observed that there are open sets U, ,..., U,, in X such that i-i( U,) C __ 
&cand (B,“i-l(Ui))O = o for i = l,..., n. Thus ~(i-‘(U,)) = p(Bi) 
and Cp=i ( p(Bi)j = C,“=i 1 p(i-l( U,)l < 1 p c i-l j X. Therefore it 
follows that / t.~ I Y = 1 p o i-l I X that is, 11 E.L 11 = I( p 1s i-l I(. 
Now suppose v is a positive normal measure on X. Then r+( f o i) = 
v(f) defines a positive linear functional on IC(X) C C(P). By ([I2], 
p. 18) there is a positive linear extension 4 on C(P) of 9). Let p be the 
Radon measure that corresponds to #. Clearly t.~ o i-l = v. Suppose 
A is a closed nowhere dense set in P. Then i(A) is closed and nowhere 
dense in X and hence i-l(i(A)) is closed and nowhere denses in P. 
Thus, 0 < p(A) < p(i-‘(i(A))) = v(i(A)) = 0 and ~1 is in M’(P). 
It follows immediately that TV -+ p o i-l is onto M’(X). 
We define J : C(X) -+ M’(X)* by (Jf)(v) = v(f) and Q : C(P) + 
M’(P)* is defined similarly. It is well-known that J and Q are one-to- 
one if and only if M’(X) and M’(P) are total over C(X) and C(P) 
respectively. Furthermore, it is easy to see that M’(X) is total over 
C(X) if and only if for each nonvoid open set G in X there is a positive 
normal measure v on X such that v(G) # 0. Of course, the same is true 
for M’(P) and C(P). Th us, M’(X) is total over C(X) if and only if 
M’(P) is total over C(P). F or, if G is a nonvoid open set in X, then 
i-l(G) is nonvoid and open in P and if M’(P) is total over C(P), then 
there is a positive normal measure p such that p(i-l(G)) # 0. Thus 
v = p 0 i-l is a positive normal measure on X such that v(G) # 0 
and M’(X) is total over C(X). Conversely, if H is a nonvoid open 
subset of P, then by the proof of Lemma 4.1 there is a nonvoid open 
set G in X such that i-l(G) C N. Hence if M’(X) is total over C(X), 
then there is a positive normal measure v such that v(G) # 0. By 
Theorem 4.2 there is a positive normal measure p on P such that 
p 0 i-1 = v. Therefore p(H) # 0 and M’(P) is total over (P). In 
particular, J is one-to-one if and only if Q is one-to-one. 
In view of the above remarks and theorem, we can now determine 
when the Hahn-Banach space of C(X) is hyperstonian. 
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THEOREM 4.3. The following statements are equivalent. 
(a) C(P) is hypstonian, 
(b) M’(X) is total over C(X), 
(c) the Hahn-Banach envelope of C(X) is (J, M’(X)*). 
Proof. In [4J D ixmier shows that M’(P) is total over C(P) if 
and only if Q is a linear isometry onto M’(P)*. If L denotes the inverse 
of the linear isometry TV + p o i-l of M’(P) onto M’(X), then it is a 
matter of calculation to show that J = L*QI. Thus J is a linear 
isometry if and only if Q is a linear isometry. 
From the above remarks (a) and (b) are equivalent. Moreover, 
(c) implies (a) since in this case, J is one-to-one. If J is one-to-one, 
then as remarked above J is a linear isometry and J = L*QI. Since 
(I, C(P)) is the Hahn-Banach envelope of C(X), so is (1, M’(X)*). 
Remarks. It was remarked in the beginning of this section that a 
normal measure on a perfect separable space is necessarily the zero 
measure. In particular, if X is a compact metric space, then M:(X) 
is total over C(X) if and only if the isolated points of X are dense 
in X. This is true since in any separable space, there are no nonzero 
non-atomic normal measures. Thus, if X is a compact metric space, 
then the Hahn-Banach space of X is hyperstonian if and only if it is 
of the form m or m(k). 
In [q Dixmier decomposes a given compact HausdorfI extremally 
disconnected space uniquely into the free join of three extremally 
disconnected compact Hausdorff spaces one of which is hyperstonian, 
and the other two have no nontrivial normal measures. For a given X, 
one could compute the hyperstonian part of the Gleason space for X 
by taking the Gleason space of the closure of the unions of the 
supports of the positive normal measures on X. We also observe that 
our decomposition for metric spaces in Theorem 3.3 (b) is a special 
case of Dixmier’s decomposition. 
5. SPACES OF AFFINE CONTINUOUS FUNCTIONS 
In this section we investigate the Hahn-Banach space of spaces 
of affine continuous functions. If K is a compact convex set in a 
locally convex Hausdorff topological vector space E, a continuous 
real-valued function h on K is said to affine if h(tx + (1 - t) y) = 
th(x) + (1 - t) h(y) f orallxandyinKand0 <t < 1. Thespace 
A(K) of all continuous affine functions on K is a Banach space under 
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the supremum norm. Moreover, the functions of the form q~ + r, 
where v is a continuous linear functional on E and r is a real number 
are norm dense in A(K) [Z7]. It can be seen that K is affinely homeo- 
morphic to the set K^ = (p E A(K)* : ~(1) = 1 = (1 p ]I}, where 
1 is the constant function identically one on K and K^ is considered 
to have the weak*-topology. Thus, the extreme points of K and the 
extreme points of K^ are homeomorphic. In a similar fashion to the 
proof for the case C(X), it can be seen that EA(K)” = -EK” u EK”, 
where EK^ is the set of extreme points of K^. Hence, cl*EA(K)” = 
- cl*EK^ v cl*EK^and A(K)” is homeomorphic to cl* EK^ which, 
in turn, is homeomorphic to EK, the closure of EK in K. 
For the definition of a simplex see [17]. As is shown in [21], K is 
projective in the category of compact convex sets and continuous 
affine maps if and only if K is a simplex and EK is a compact 
extremally disconnected space. 
THEOREM 5.1. Let K be as above. Then the Hahn-Banach space of 
A(K) is C(P), h w ere i : P --+ EK is Gleason’s map. Moreover, A(K) 
is a ‘Hahn-Banach space if and only if K is projective. 
Proof. Since A(K)- is homeomorphic to EK, the first part is 
immediate. 
Suppose K is projective. Then K is a simplex, EK is a compact 
extremally disconnected space and by [I], A(K) = C(EK). Hence, 
A(K) is a Hahn-Banach space. 
Conversely, suppose A(K) is a Hahn-Banach space. Let i : P -+ 
cl*EK^ be Gleason’s map. Then, if I is the induced operator from 
i and J : A(K) -+ C(cl*EK^) is defined by Jh(p) = p(h), then 
(IJI C(P)) is the Hahn-Banach envelope of A(K). But, since A(K) is 
a Hahn-Banach space, I/ must be linear isometry onto. Hence J is a 
linear isometry onto. By [I] it follows that K is a simplex and EK is 
closed. Since I is a linear isometry onto, EK is extremally disconnected. 
Thus K is projective. 
We observe that if B is a real Banach space with dim B > I, 
then B is a compact convex set in the weak*-topology which is not 
a simplex. It is not a simplex since 0 has more than one representing 
maximal measure ([17], p. 66). Moreover, since B is the dual of B* 
in the weak*-topology and for x in B, I in R, h(x*) = x*(x) + T 
is an affine function with 11 h 11 = (1 x 11 + 1 I I, it follows that the map 
from B x R to A(K) defined by T(x, T) = h is a linear isometry, 
but, its image is dense in A(K). Hence A(K) = B @ R. 
PROPOSITION 5.2. For each compact Hausdfl extremally discon- 
ON INJECTIVE ENVELOPES OF BANACH SPACES 29 
netted space P there is a non-Hahn-Banach space B containing C(P) 
as a hyperplane with BW homeomorphic to P u P (the free join of 
P with itself). In particular, B” is extremally disconnected. 
Proof. Let K = C(Pp. Then A(K) is not a Hahn-Banach space 
since K is not a simplex. Moreover, EK is homeomorphic to the free 
join of P with itself. Thus the Hahn-Banach space of A(K) is 
C(P u P) = C(P) x C(P). 
We close with an idea due to R. J. Whitley. 
THEOREM 5.3. Let P be a compact extremally disconnected Hausdofl 
space with card P > 2. Then there is a non-Hahn-Banach space B 
whose Hahn-Banach space is C(P). 
Proof. If P is finite, we have demonstrated previously a two- 
dimensional space with the required properties. 
Suppose P is infinite and x is a limit point of P. Let B = {f E C(P) : 
f(x) = O}. Then B is a hyperplane in C(P). If B is not a Hahn- 
Banach space, it follows from the definition of the Hahn-Banach 
envelope that (1, C(P)) is the Hahn-Banach envelope of B, where 
If = f. We now show that each projection from C(P) onto B has norm 
at least 2. Let T be a projection of C(P) onto B and choose h in C(P) 
such that h # 0, Th = 0. Then h is not in B and so B @ sp(h) = C(P). 
Let g = h/h(x). Then C(P) = B @ sp(g). Now, for f in C(P), 
f -f(x) g is in B, so T( f -f(x) g) = f -f(x) f. But, Tg = 0, and 
thus, Tf = f - f(x) g. Hence, 
II VII G llfll + IfWl Ilg II d Ml + llfll Ilgll. 
Since 11 g II > 1, the smallest we can use for II g 11 is 1. Now, x is not 
isolated, and if E > 0, then there is a z f x such that g(z) > 1 - E. 
There is an f in C(P) such that -1 <f < l,f(z) = -l,f(x) = 1. 
Thus II Tf II = Ilf -f(x)f II = SUP If(r) - &)I 2 2 - E. Hence 
II TII 2 2. 
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